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A GENERALIZATION OF OHKAWA'S THEOREM 

CARLES CASACUBERTA, JAVIER J. GUTIERREZ, AND JIRI ROSICKY 



^^ , Abstract. A theorem due to Ohkawa states that the coUection 

^^ ' of Bousfield equivalence classes of spectra is a set. We extend this 

O , result to arbitrary combinatorial model categories. 

Q 

(N 

^ ■ Introduction 



Ohkawa proved in [15] that the homotopy category of spectra has 

^ . only a set (that is, not a proper class) of distinct homological acyclic 

^ [ classes. The homological acyclic class or Bousfield class {E) of a spec- 

trum E consists of all iJ^-acyclic spectra, where £'* is the homology 
theory associated with E. In other words, (E) is the collection of spec- 

CN , tra X such that i? A X = in the homotopy category. The original 

source of this terminology is [2] . 

G^ ' Two spectra E and F are called Bousfield equivalent if (E) = (F). 

^ ■ Thus, according to Ohkawa's theorem, Bousfield equivalence classes of 

spectra form a set. A shorter proof of this fact was given by Dwyer 

Q I and Palmieri in [1], and some consequences were described in [TO] . 

CN ' In a different direction, Neeman proved in [2] that Bousfield classes 

form a set in the derived category of any commutative noetherian ring. 
In this context, the Bousfield class of a chain complex A is defined 

S^ I as the collection of chain complexes X such that the derived tensor 

product A® X is zero. 

Dwyer and Palmieri proved the same result in [5] for the derived 
category of a truncated polynomial ring on countably many generators 
over a countable field. They asked in [S^ Question 5.9] if Ohkawa's 
theorem is in fact true in the derived category of every commutative 
ring. This was answered in the affirmative by Stevenson in [22] and by 
Iyengar and Krause in [12], and it also follows from the results of the 
present article. 
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Both the homotopy category of spectra and the derived category of a 
comniutative ring are homotopy categories of combinatorial model cate- 
gories, and their tensor product comes from a closed monoidal structure 
in the model category. In this article we prove that the collection of 
Bousfield classes is a set under these general assumptions. 

More precisely, we show that in the homotopy category of every com- 
binatorial model category Ai (neither necessarily stable nor pointed), 
for every sufficiently large regular cardinal A there is only a set of 
distinct acyclic classes A{H) for functors H : Ai ^ Ml preserving 
A-filtered colimits and such that the terminal object of Ml is if-acyclic. 
An object X of A^ is called H -acyclic if HX is weakly equivalent to the 
terminal object, and we denote by A{H) the collection of all H-SiCjclic 
objects. 

If a model category A^ is closed monoidal, combinatorial and pointed, 
then, since left adjoints preserve all colimits and there are cofibrant re- 
placement functors on Ml preserving A-filtered colimits for sufficiently 
large A, it follows that Bousfield classes in the homotopy category of 
M form a set. 

However, in the derived category of Z or in the homotopy category 
of spectra there is a proper class of distinct acyclic classes for nullifica- 
tion functors Pa (see [211 §8] ^^i terminology and details). Each such 
functor Pa preserves A-filtered colimits for A big enough, yet the size 
of A increases with A. 

Our method of proof of Ohkawa's theorem for combinatorial model 
categories generalizes the argument given in [Ij. A similar argument 
was used in |22] for compactly generated tensor triangulated categories. 
Using a different approach, it was shown in |12j, Theorem 3.1] that every 
well generated tensor triangulated category has only a set of Bousfield 
classes. This result is consistent with the fact that homotopy categories 
of stable combinatorial model categories are well generated. 

Nevertheless, we emphasize that Ohkawa's theorem is by far not 
exclusively a result about triangulated categories. For example. Corol- 
lary 13.61 below implies that there is only a set of homological acyclic 
classes of pointed simplicial sets (for representable homology theories), 
and our proof just relies on the fact that the category of pointed sim- 
plicial sets is locally presentable and representable homologies preserve 
filtered colimits. 

Acknowledgements. We are indebted to Fernando Muro for frequent 
exchanges of views on this topic, which made us rethink earlier versions 
of the article. We also appreciate input from George Raptis and Greg 
Stevenson. 
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1. Combinatorial model categories 

We assume that regular cardinals are infinite. For a regular cardi- 
nal A, a small category /C is X-filtered if it is nonempty and, given any 
set of objects {ki \ i E 1} where |/| < A, there is an object k and 
a morphism k^ -^ k for each i E I, and, moreover, given any set of 
parallel arrows between two fixed objects {aj : k ^ k' \ j E J} where 
\J\ < A, there is a morphism 7: /c' ^ k" such that 7 o aj is the same 
morphism for all j G J. 

An object X of a category C is X-presentable if the functor C{X, — ) 
from C to sets preserves A-filtered colimits. A cocomplete category 
C is locally X-presentable if the collection of isomorphism classes of 
A-presentable objects is a set and every object of C is a A-filtered colimit 
of A-presentable objects. A category is called locally presentable if it 
is locally A-presentable for some regular cardinal A. See [H l.B], [7] or 
[13] for further information about locally presentabe categories. 

The essentials of Quillen model categories can be found in [9] or [16] . 
An object X of a model category Ai will be called contractible if the 
unique morphism X — )■ * is a weak equivalence, where * denotes the 
terminal object of A^. A model category is pointed if it has a zero 
object, i.e., if the initial object and the terminal object are isomorphic. 

A model category Ai is called combinatorial if it is cofibrantly gen- 
erated [H |9] and the underlying category is locally presentable. Dugger 
proved in [3] that a model category is combinatorial if and only if it 
is Quillen equivalent to a left Bousfield localization of a category of 
diagrams of simplicial sets equipped with the projective model struc- 
ture. Hence, many model categories of interest in various contexts are 
combinatorial. Examples relevant to the present article are pointed 
or unpointed simplicial sets, symmetric spectra over simplicial sets [lH 
§ 3.4], module spectra over a ring spectrum yj^ Theorem 4.1], bounded 
or unbounded chain complexes of modules over a ring [9l § 2.3], or sim- 
ply any locally presentable category equipped with the discrete model 
structure, where the weak equivalences are the isomorphisms and all 
morphisms are fibrations and cofibrations. 

Lemma 1.1. IfAi is a combinatorial model category, then for every 
ordinal a there is a regular cardinal X > a with the following properties: 

(i) Ai is locally X-presentable; 

(ii) there is a set of generating cofibrations and a set of generat- 
ing trivial cofibrations in M. whose domains and codomains are 
X-presentable; 

(iii) there are fibrant and cofibrant replacement functors on Ai that 
preserve X-filtered colimits; 

(iv) the terminal object of M. is X-presentable. 
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Proof. Take first a regular cardinal fi > a such that Ai is locally 
/^-presentable. This is possible since, by lU Theorem 1.20], if Ai is 
locally z^-presentable and u' > u then A4 is also locally //'-present able. 
Next, pick a set X of generating cofibrations and a set JT" of gener- 
ating trivial cofibrations in Ai and choose a regular cardinal X > fi 
big enough so that all the domains and codomains of morphisms in X 
and J^ are A-presentable, and such that the terminal object of Ai is 
A-presentable as well. Such a choice is possible by [T| Proposition 1.16 
and Remark 1.30(1)]. Finally, (iii) is a consequence of (i) and (ii), as 
shown in PJ §7] or [T71 §3]. D 

If the properties of Lemma 11.11 are fulfilled, then we say that At is 
X- combinatorial and use the term X- combinatorial structure to desig- 
nate a choice of the following items: a set A^ a of representatives of all 
isomorphism classes of A-presentable objects; a set X of generating cofi- 
brations and a set J^ of generating trivial cofibrations whose domains 
and codomains are A-presentable; a fibrant replacement functor R and 
a cofibrant replacement functor Q preserving A-filtered colimits. 

Property (iv) in Lemma 11.11 is automatic when A1 is pointed, but it 
is not implied by the other properties otherwise, as exemplified by the 
category Set'^ of /-sorted sets equipped with the discrete model struc- 
ture, where / is any infinite set. This category is locally Ho-presentable 
by [H Corollary 1.54], yet its terminal object is not Ko-presentable. 

2. Main result 

Let A^ be a A-combinatorial model category for a regular cardinal A, 
and suppose chosen a A-combinatorial structure on it. Recall that, if X 
is the chosen set of generating cofibrations, then a morphism f: X ^ Y 
is a trivial fibration in A^ if and only if it has the right lifting property 
with respect to all the morphisms in X. 

For a functor H: Ai ^ Ai, an object X in A^ is called H -acyclic if 
HX is contractible. We denote by A{H) the collection of all iZ-acyclic 
objects in Al. 

Given a functor H: At ^>- At and a triple {a, A, f) where a: P ^f Q 
is in X and 

/: P — > RHA 

is a morphism with A E Ai.\, where R is the chosen fibrant replacement 
functor, we denote by TH{(J,A,f) the set of all morphisms t\ A ^^ B 
with B e AIa for which there exists a morphism g: Q ^ RHB such 
that RHt o f = g o a: 

P — U RHA ^^ — > RHB. 
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Note that, since the terminal object * is in Mx, if H{*) is contractible 
then the morphism yl — )■ * is in Th{(T, A, /) for every {a, A, /). 

Finally, let T{H) denote the set whose elements are all the distinct 
sets TH{a,A,f) with A e Mx, a: P ^ Q in X, and /: P ^ RHA. 

Theorem 2.1. For a regular cardinal X, let Ai be a \- combinatorial 
model category and let Hi and H2 be functors from M. to Ai that 
preserve X-filtered colimits. Suppose that T(i^2) ^ T{Hi) for some 
\- combinatorial structure on Ai, and suppose also that the terminal 
object of Ai is H2-acyclic. Then A{Hi) C A{H2). 

Proof. Let X be i^i-acyclic. In order to prove that X is //2-acyclic, we 
need to show that for every a: P ^ Q in I and every f : P ^ RH2X 
there is a morphism g: Q -^ RH2X such that g o a = f . 

Write X = colim^: D for a diagram D: K, ^)- Ai where /C is A-filtered 
and Dk is in A^a for all k E IC. Then HiX = colim/c (^1 ° D) and 
H2X = colim/c {H20D). Suppose given f : P ^ RH2X for a morphism 
a: P — 7- Q in X. Since P is A-presentable, / factors as 

P J^ RH2Dk ''"'''' : RH2X 

for some A; G /C, where 6k '■ Dk — )■ X denotes the corresponding cocone 
morphism. Thus, we may consider the set Th2{<^, Dk, f) in T(i^2), 
which is nonempty since Dk — )■ * is in it, as H2{*) is contractible. 

By assumption, Th2 (c", Dk, /') is then a member of T{Hi), so there is 
an object A G A^a and morphisms r: U ^ V inX and u: U ^ RHiA 
such that 

(2.1) TH2{a,Dk,f')=THAr,A,u). 

This forces, by definition, that A = Dk. 

Since HiX is contractible, the morphism RHiX — ?> * is a trivial 
fibration and hence there is a morphism v. V -^ RHiX such that 
V o T = RHi5k o u. Since V is A-presentable, there is an object k' E IC 
such that V factors as 

V ^^ RHiDk' ^^"^'' ! RHiX. 

Since /C is filtered, there is an object k" G /C together with morphisms 
a: k —^ k" and [3: k' ^ k". Furthermore, since U is A-presentable and 

RHi6k" o RHiDa ou = RHidk" o RHiD^ owor, 

there is an object k'" G /C and a morphism 7: A;" — > fc'" such that the 
two composites 

U -^^ RHiDk ^ > RHiDk'" 



and 

[/ ^L^ \/ ^^ RHiDk' "^'""^ PffiDA; 



RHiDi-yolB) ^^^ ^ , ,,, 
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coincide. Then D{'~f o a) is in Th^{t, Dk, u) and therefore, by fl2.ip . it 
is also in Th2{<7, Dk, /'), which means that the composite 



-^ RH2Dk ^— > RHiDk" 



factors through a: P ^^ Q. Hence f : P ^ RH2X also factors through 
a and this concludes the proof. D 

3. Consequences 

Corollary 3.1. If Ai is a X- combinatorial model category, then there 
is only a set of distinct classes A{H) where H runs over all functors 
M. ^ M. that preserve X-filtered colimits and such that the terminal 
object is H-acyclic. 

Proof. Suppose that there is a proper class of functors Hi preserving 
A-filtered colimits, such that the classes A{Hi) are all distinct and 
contain the terminal object. Then, by Theorem 12. ![ after any choice 
of a A-combinatorial structure on Ai the sets T{Hi) will be distinct. 
This is impossible, since all sets T{Hi) are contained in the power set 
of the union oi M{A, B) for all A,B e M\. U 

Note that this argument yields a bound on the cardinality of the 
set of distinct classes A{H) for each sufficiently large regular cardi- 
nal A, namely 2^*" where k is the cardinality of the set of all morphisms 
between objects in A^a- 

Note also that we are not assuming that the functors H : M. ^ M. 
under discussion preserve weak equivalences. If we do so, then the 
bound on the cardinality of the set of acyclic classes A{H) can be 
reduced by counting only up to homotopy; cf. p^, Theorem 3.1]. 

Corollary 3.2. If Ai is a pointed combinatorial model category, then 
there is only a set of distinct classes A{H) where H : Ai ^- Ai has a 
right adjoint. 

Proof. Left adjoints preserve all colimits and, in particular, the ini- 
tial object. Hence, we may pick a regular cardinal A such that Ai is 
A-combinatorial and the result follows from Corollary 13.11 D 

Let A4 he a. monoidal model category in the sense of |9| §4.2], so we 
tacitly assume that it is closed, but not necessarily symmetric. For an 
object E of A^, the Bousfield class {E) is the class of all objects X such 
that the derived tensor product E /\ X is isomorphic to the terminal 
object * in the homotopy category Ho(A^). For example, if Ai is any 
monoidal model category of spectra, then {E) is the class of acyclic 
spectra for the homology theory E^,. Thus, the following statement 
generalizes indeed Ohkawa's theorem. 
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Corollary 3.3. If Ai is a pointed combinatorial monoidal model cat- 
egory, then there is only a set of distinct Bousfield classes in Ho(A^). 

Proof. Let A be a regular cardinal such that M. is A-combinatorial 
and let Q be a cofibrant replacement functor that preserves A-filtered 
colimits on Ai. For each object -E, consider the functor He'- A^ — ?■ A^ 
defined as HeX = QEAQX. Then He preserves A-filtered colimits for 
all E, since the functor QE A (— ) has a right adjoint B.om.i{QE, — ) and 
hence it preserves all colimits, including the zero object. Moreover, the 
Bousfield class {E) is equal to A{He). Since, by Corollary 13 -H there is 
only a set of distinct classes A{H) where H preserves A-filtered colimits 
and the zero object, the claim follows. D 

Corollary 3.4. For every commutative ring R there is only a set of 
distinct Bousfield classes in the derived category V{R). 

Proof. For every ring R, the category T>{R) is the homotopy category of 
the model category Ch.{R) of unbounded chain complexes of i?-modules 
with the standard model structure [9l Definition 2.3.3]. This structure 
is combinatorial [9l Theorem 2.3.11] and it is symmetric monoidal if 
the ring R is commutative [9", Proposition 4.2.13]. D 

According to [6, IV. 2] or [20, Theorem 5.1.6], the category 'D{R) is 
equivalent to the homotopy category of (strict) HR-vnodvXe spectra for 
each commutative ring i?, where HR denotes the Eilenberg-Mac Lane 
spectrum of ordinary cohomology with coefficients in R. Thus, the 
following result extends Corollary 13. 4[ By a commutative ring spectrum 
we mean a commutative monoid in the category of symmetric spectra 
over simplicial sets |llj . 

Corollary 3.5. For every commutative ring spectrum E there is only a 
set of distinct Bousfield classes in the homotopy category of E-module 
spectra. 

Proof. Modules over a commutative ring spectrum E admit a symmet- 
ric monoidal model category structure which is combinatorial; see [T9| 
Theorem 4.1] for details. D 

If C and V are any two categories and V has a terminal object *, 
then the kernel of a functor H: C ^ V is the class of objects X in C 
such that HX = *. 

Suppose that C is locally A-presentable (hence cocomplete by defi- 
nition and complete by pL, Corollary 1.28]) and its terminal object is 
A-presentable. If we endow it with the discrete model structure, then 
the resulting model category is A-combinatorial, since the set of all 
morphisms between members of a set Cx of representatives of all iso- 
morphism classes of A-presentable objects of C is a set of generating 
cofibrations; cf. [HI Example 4.6]. 
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For a functor H: C —> C, the acyclic class A{H) is the kernel of H. 
Hence, Corollary 13 . 1 1 specializes to the statement that, if A is a regular 
cardinal such that C is locally A-presentable and its terminal object is 
A-presentable, then there is only a set of distinct kernels of functors 
C — !■ C preserving A- filtered colimits and the terminal object. The 
following variant is more useful. 

Corollary 3.6. Let C and V be locally X-presentable categories, where 
X is a regular cardinal. Suppose that the terminal object ofC is X-pres- 
entable and V has a zero object. Then there is only a set of distinct 
kernels of functors H:C^T> that preserve X-filtered colimits and 
terminal objects. 

Proof. Note that, since V is locally A-presentable, an object F of "D is 
isomorphic to the zero object if and only if each morphism P ^ Y 
with P G Vx factors through 0. For each functor H: C ^ V, consider 
the set T{H) whose elements are the sets 

Th(/) = {te C{A, B)\ B eCx and Ht o f factors through 0}, 

where / runs over all morphisms P — t- HA in which A & Cx and 
P G Vx- Then it follows as in the proof of Theorem 12. ll that an equality 
T{Hi) = T{H2) implies that the kernels of Hi and H2 coincide, if Hi 
and H2 preserve A-filtered colimits and terminal objects. Since there 
is only a set of distinct sets T{H), the claim is proved. D 

If E^, denotes the reduced homology theory on pointed simplicial sets 
defined by a spectrum E, then the condition i?*(X) = on a given X 
is equivalent to E' A S°°X = in the homotopy category of spectra. 
Hence, it follows from Ohkawa's theorem that the collection of distinct 
ho mo logical acyclic classes of pointed simplicial sets is also a set. This 
result can be inferred directly from Corollary 13.61 without passing to 
the category of spectra, since representable homology theories preserve 
Ko-filtered colimits if viewed as functors from pointed simplicial sets to 
graded abelian groups. 
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